Abstract. This paper investigates the problem of stabilization of networked control systems via dynamic output-feedback controllers. The physical plant and the dynamic controller are in continuous time, and a communication channel exists between the output of the physical plant and the input of the dynamic controller. Three important communication features are considered: measurement quantization, signal transmission delay, and data packet dropout, which appear typically in a networked environment. Attention is focused on the design of dynamic output-feedback controllers which ensure asymptotic stability of the closed-loop systems. Linear matrix inequality (LMI)-based conditions are formulated for the existence of admissible controllers. If these conditions are satisfied, a desired controller can be readily constructed. A satellite system is used to illustrate the applicability and effectiveness of the proposed controller design method.
and diag{. . .} stands for a block-diagonal matrix. In addition, I denotes an identity matrix. Matrices, if their dimensions are not explicitly stated, are assumed to be compatible for algebraic operations.
Problem formulation.
The problem of network-based output-feedback stabilization is shown in Figure 1 . In this figure, u and y denote the control input and measured output of the physical plant, respectively;ŷ denotes the input of the dynamic controller. The measured output y is sampled periodically and then transmitted through a network medium to the ZOH (zero-order hold), whose outputŷ is used as the input of the dynamic controller. We consider a communication channel with the occurrence of packet dropouts and delays where they may vary within the bounds on the number of consecutive packet dropouts and on the size of each delay. In our problem, we use a quantizer to characterize the coding effect, which is induced by the encoder and decoder used in the whole process. We consider logarithmic quantizer and zero-order hold, and we assume the behavior of sample and ZOH to be deterministic. This configuration with single-side network connection has possible applications in wireless networked control systems.
Suppose the physical plant is given by S :ẋ(t) = Ax(t) + Bu(t), (1) y
(t) = Cx(t).
Here x(t) ∈ R n is the state vector; y(t) ∈ R m is the measured output; u(t) ∈ R p is the control input; A, B, C are system matrices with appropriate dimensions.
From Figure 1 , we see that there is a communication channel between y(t) and y(t). As discussed above, generally, three effects need to be taken into consideration: signal quantization, signal transmission delay, and data packet dropout. It is assumed that the sampler is clock-driven, while the ZOH is event-driven. The sampling period for y(t) is assumed to be h, with h being a positive constant. Denote the updating instants of the ZOH as t k , k = 1, . . . , ∞, and suppose that the updating signal (successfully transmitted signal from the sampler to the ZOH) at the instant t k has experienced signal transmission delay β k . A natural assumption on the signal transmission delay β k can be made as follows:
whereβ denotes the upper delay bound.
In what follows, we model signal quantization, signal transmission delay, and data packet dropout mathematically.
Signal quantization.
It is assumed that the sampled measurements of y (t) are firstly encoded using a quantizer (the quantizer constructed on each channel), which is denoted as
T and then transmitted with a single packet. The quantization effect of the encoding and decoding process is assumed to be time-invariant, logarithmic, and symmetric; i.e., f (−v) = −f (v). For each f j (·), given constants u (j) 0 and ρ j such that u (j) 0 > 0 and 0 < ρ j < 1, the set of quantized levels is characterized by [5, 6] 
It is noted that u
i . Given the set of quantized levels, we define the associated logarithmic quantizer f j (·) : R → U j as follows:
where
Each of the quantization level u
i ] such that the quantizer maps the whole interval to this quantization level. In addition, these intervals
form a partition of R; that is, they are disjoint, and their union for i equals to R. Figure 2 gives a visual sketch clarifying this statement.
Signal transmission delay.
At the updating instant t k , we have the following relationship:ŷ
Thus, considering the behavior of the ZOH, we havê
with t k+1 being the next updating instant of the ZOH after t k .
Data packet dropout.
At the updating instant t k , the number of accumulated data packet dropouts since the last updating instant t k−1 is denoted as δ k . We assume that the maximum number of consecutive data packet dropouts isδ, that is,
Then, it can be seen from (2) and (8) that which implies that the interval between any two successive updating instants is upper bounded byβ + δ + 1 h and lower bounded by h. In this paper, it is assumed that not all the state variables of the physical plant can be measured online, and we consider the following dynamic output-feedback controller:
where x c (t) ∈ R n is the state vector of the dynamic controller; A c , A d , B c , and C c are appropriately dimensioned controller matrices to be determined. It is worth mentioning that in our approach, the introduction of the term A d x c (t k −β k ) is essential to make the controller synthesis tractable. By adding a time stamp to the data at the sampler, we can trace the time instant t k −β k , which means that the controller in (10) is online implementable. We assume that the time stamp associated with the values is not quantized. This assumption simplifies the problem and allows us to convert the quantized feedback design problem to a robust control problem with sector bound uncertainties. The more realistic case, where the time is quantized as well, is still a challenging problem to be investigated.
Then, the problem to be addressed in this paper can be expressed as follows. Problem networked output-feedback stabilization. Consider the problem of network-based output-feedback stabilization in Figure 1 and system S in (1). The sampler, encoder, decoder, and ZOH are configured in the networked control system, and all the parameters (h,β, u (j) 0 , ρ j , andδ) are given. The objective is to determine the matrices A c , A d , B c , C c of the controller C in (10) such that the closed-loop system is asymptotically stable for all admissible signal quantizations, signal transmission delays, and data packet dropouts.
Before proceeding further, we give the following lemma which will be used later [10, 27] .
holds for all F (t) satisfying F T (t) F (t) ≤ I if and only if for some > 0,
Main results.
We are first concerned with the analysis problem. More specifically, assuming that the controller matrices (A c , A d , B c , C c ) are known, we shall study the conditions under which the closed-loop system is asymptotically stable for all admissible measurement quantizations, signal transmission delays, and data packet dropouts. The following lemma shows that the asymptotic stability of the closed-loop system can be guaranteed if there exist some matrix variables satisfying certain LMIs. This lemma will play an instrumental role in the controller synthesis.
Lemma 3.1. Consider the problem of network-based output-feedback stabilization in Figure 1 . Given the parameters h,β, u
the closed-loop system is asymptotically stable if there exist matrices P >0, Z >0, U , W , and a scalar
Proof. First, by substituting (7) into (10), we obtaiṅ
Considering the quantization behavior shown in (3)- (5) and according to [5, 6] , (14) can be expressed aṡ
Then, from (2), (8), (9), and (13) we have
By substituting (17) into (15), we obtaiṅ
By connecting (18) and (1), the closed-loop system can be written aṡ
Now, choose the following Lyapunov-Krasovskii functional [13, 14] :
where P > 0, Z > 0 are matrices to be determined. Then, along the solution of the closed-loop system in (19) , the time derivative of V (t) is given bẏ
By the Newton-Leibniz formula, we have
Then, for any appropriately dimensioned matrices M = U W , we have 2φ
where (19) , (21), and (22) we obtaiṅ
By noticing that Z > 0, we have [φ (23) we know thatV (t) < 0 if
which, by the Schur complement, is equivalent to ⎡ ⎢ ⎣
Now, rewrite (24) in the form of (11) with
By Lemma 2.1 together with a Schur complement operation, (24) holds if for some > 0, (12) holds, and the proof is completed. It is noted that if the controller matrices (A c , A d , B c , C c ) are given, the conditions in Lemma 3.1 are LMIs over the decision variables P > 0, Z ≥ 0, U , W , and scalar > 0. However, since our eventual purpose is to determine the controller matrices (A c , A d , B c , C c ) , the above conditions are actually nonlinear matrix inequalities. Our main objective hereafter is to transform them into tractable conditions to solve the control synthesis problem. Figure 1 . Given the parameters h,β, u
Theorem 3.2. Consider the problem of network-based output-feedback stabilization in
(j) 0 , ρ j ,
andδ, a dynamic controller in the form of (10) exists such that the closed-loop system is asymptotically stable if there exist matrices
, Ψ 15 = 0 B c ,
and Λ andβ are given in (13) . Moreover, if the above conditions are satisfied, a desired output-feedback controller is given in the form of (10), with parameters as follows:
where S and U are any nonsingular matrices satisfying
Proof. Suppose that conditions (25) and (26) are satisfied; we will prove that the controller in the form of (10) with parameters given in (28) guarantees the closed-loop system to be asymptotically stable. By the Schur complement, (26) implies Y −X −1 > 0, and thus I − Y X is nonsingular. Therefore, there always exist nonsingular matrices S and U satisfying (29) . Now introduce the following nonsingular matrices:
Then, it can be verified that
which implies by the Schur complement that P > 0. From (28), we havē
1 . Substituting the above matricesĀ c ,Ā d ,B c ,C c into (25) , and by calculation, we have that (25) 
Performing a congruence transformation to (31) by diag Π −1
1 , I, I with the consideration of (30) and by a Schur complement operation, we obtain ⎡
Performing a congruence transformation to (33) by diag I, I, I, P −1 Z, I , we readily obtain (12) . Therefore, from Lemma 3.1, we know that the closed-loop system is asymptotically stable, and the proof is completed. Theorem 3.2 transforms the nonlinear matrix inequalities in Lemma 3.1 into a set of solvable conditions. It is worth noting that when the positive scalar is given, the conditions in Theorem 3.2 are LMIs over the decision variables X > 0, Y > 0,Z > 0, U ,W , andĀ c ,Ā d ,B c ,C c , which can be solved via standard numerical software. When these conditions are solvable, a desired output-feedback controller can readily be constructed based on (28) . It is worth noting that the synthesis procedure is different from [11] and is much easier to solve than [11] . 
Illustrative example.
In this section, we provide an example to illustrate the output-feedback controller design method proposed in the above section.
Suppose the physical plant in Figure 1 is a satellite system shown in Figure 3 (borrowed from [2, 7] ). The satellite system consists of two rigid bodies joined by a flexible link. This link is modeled as a spring with torque constant k and viscous damping f . Denoting the yaw angles for the two bodies (the main body and the instrumentation module) by θ 1 and θ 2 , the control torque by u(t), and the moments of inertia of the two bodies by J 1 and J 2 , the dynamic equations are given by
A state-space representation of the above equation is given by
Here we choose J 1 = J 2 = 1, k = 0.09, and f = 0.04 (the values of k and f are chosen within their respective ranges). It is assumed that only θ 2 (t) can be measured online. The eigenvalues of A are −0.04 + 0.4224j, −0.0400 − 0.4224j, 0, 0; thus, the above system is not stable. Our purpose is to design an output-feedback controller in the form of (10) such that the closed-loop system is asymptotically stable. The following network-related parameters are assumed: the sampling period h = 10 millisecond (ms); the network-induced delay bound in (2) is given byβ = 15 ms; the maximum number of data packet dropoutsδ = 2; the parameter for the quantizer f (·) is assumed to be ρ = 0.9; and u 0 = 2.
By solving the feasibility problem in Theorem 3.2 for = 1, we obtain the following matrices (for space consideration we do not list all the obtained matrices here): T . The state responses are depicted in Figure 4 , from which we can see that all the four state components of the closed-loop system converge to zero. In the simulation, the network-induced delays and the data packet dropouts are generated randomly (uniformly distributed within their ranges) according to the above assumptions and shown in Figures 5 and 6 . The measurement y(t) and the successfully transmitted signal arriving at the ZOH (denoted as y ZOH (t)) are shown in Figure 7 where we can see the discontinuous behavior of the transmitted measurements. 
5.
Conclusions. This paper considers the problem of designing a dynamic linear controller to stabilize an linear time-invariant (LTI) plant. The physical plant and the dynamic controller are in continuous time, and a communication channel exists between the output of the physical plant and the input of the dynamic controller. Attention is focused on the design of dynamic output-feedback controllers, which guarantee the closed-loop networked control systems to be asymptotically stable for all admissible measurement quantizations except time stamps, signal transmission delays, and data packet dropouts, which appear typically in a networked environment. LMI-based conditions have been formulated for the existence of stabilizing outputfeedback controllers. If these conditions are satisfied, a desired controller can be readily constructed. A satellite system is exploited to illustrate the applicability and effectiveness of the controller design methodologies proposed in this paper.
